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Association mapping for complex diseases using unrelated individuals can be

more powerful than family-based analysis in many settings. In addition, this

approach has major practical advantages, including greater efficiency in sample

recruitment. Association mapping may lead to false-positive findings, however, if

population stratification is not properly considered. In this paper, we propose a

method that makes it possible to infer the number of subpopulations by a mixture

model, using a set of independent genetic markers and then testing the association

between a genetic marker and a trait. The proposed method can be effectively

applied in the analysis of both qualitative and quantitative traits. Extensive

simulations demonstrate that the method is valid in the presence of a population

structure. Genet. Epidemiol. 23:181–196, 2002. r 2002 Wiley-Liss, Inc.
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INTRODUCTION

Association studies have attracted considerable attention in the genetic
dissection of complex diseases because they are potentially more powerful than
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family-based linkage studies [Risch and Merikangas, 1996; Risch, 2000]. The
approach often used in association studies for qualitative traits is the case-control
design, in which allele frequencies are compared between unrelated individuals that
are affected (cases) and unaffected (controls). However, a fundamental problem
confronting this design is the selection of controls, as a false-positive association may
appear if they are chosen with bias. For example, population stratification across
different subgroups can lead to ‘‘spurious’’ associations as a result of confounding
[Lander and Schork, 1994]. The most likely source of confounding is ethnicity, in
which both disease prevalence and allele frequencies are different by ethnicity, and
cases and controls are not well-matched in terms of ethnic origin [Risch, 2000]. The
same problem is also inherent in association mapping of quantitative trait loci
(QTLs) [Zhu and Elston, 2001].

To overcome the difficulty caused by population structure, Spielman et al.
[1993] proposed the transmission-disequilibrium test (TDT), which compares the
frequencies of genetic marker alleles that are transmitted from heterozygous parents
to affected children against those that are not transmitted. In this design, the ethnic
background of cases and controls is necessarily matched. The TDT method has been
extended to include a variety of genetic models for qualitative traits [Schaid, 1996;
Horvath and Laird, 1998; Spielman and Ewens, 1998; Boehnke and Langefeld, 1998;
Zhao et al., 2000]. A number of quantitative trait TDT methods have also been
developed to control for the effect of population stratification in mapping QTLs
[Allison, 1997; Allison et al., 1999; Rabinowitz, 1997; Rabinowitz and Laird, 2000;
Xiong et al., 1998; George et al., 1999; Zhu and Elston, 2001; Zhu et al., 2001].
However, compared with the case-control design, TDT-based methods have
substantial practical disadvantages. TDT methods require the collection of DNA
samples from family members, which is more difficult than from unrelated controls,
especially in the case of late-onset diseases. Furthermore, only part of the sample is
actually used in TDT approaches. Compared with the case-control design, the TDT
is a less efficient method.

An alternative strategy to eliminate the effect of population stratification
is to use independent genetic markers typed in cases and controls. Devlin and
Roeder [1999] proposed a ‘‘genomic control’’ (GC) method relying on this technique
for association mapping to control population stratification when genome screen
data are available. The underlying assumption is that under the null hypothesis,
allele frequency differences between cases and controls come from the same
distribution at all loci. This assumption may not be valid in reality, however,
because of selection; the false-positive rate may therefore be inflated [Pritchard et al.,
2000a]. Pritchard et al. [2000a] proposed an approach called ‘‘structured associa-
tion’’ (SA), which contrasts with the GC method [Pritchard and Donnelly, 2001].
SA uses a set of independent genetic markers to estimate the number
of subpopulations based on a Markov chain Monte Carlo (MCMC) method
and the ancestry probabilities of individuals from putative ‘‘unstructured’’
subpopulations [Pritchard et al., 2000b]. This information is then used to test for
association. When the number of subpopulations is large, the simulation-based test
statistic becomes very computationally intensive, especially for genome-wide
association analysis. Other methods have also been published [Satten et al., 2001;
Zhang et al., 2001].

182 Zhu et al.



In this paper, we propose an approach based on a mixture model to infer the
number of subpopulations, using a set of independent genetic markers, and then test
for the association between a marker and a trait. This approach is valid in the
presence of a population structure and can be applied equally to the analysis of
qualitative and quantitative traits, although we focus here on qualitative traits.

METHODS

Consider an association study with N unrelated individuals sampled from a
population in which structure exists (for case-control design, N=Nd+Nh, where Nd is
the number of diseased individuals and Nh is the number of unaffected individuals).
Let yi represent the phenotypic value for the i

th individual, with yi=1 if affected and
0 if unaffected, and gi the genotypic value for a candidate gene which we wish to test
for association with the trait. We assume there are M independent markers that have
been genotyped. Define xim as the genotype value of the mth marker for the ith

individual. In this paper, we focus only on biallelic markers, and assume the two
alleles to be 1 and 2. The genotypic value can be defined as 0, 1, and 2 for marker
genotypes 11, 12, and 22, respectively. Define X=(X1, X2,. . .,XN)0, where Xi=(xi1,
xi2,. . .,xiM)0, i=1, 2,. . .,N, and the prime represents a transpose of a vector or matrix.
Now considering Xi as a random variable, we have an M � M sample covariance
matrix S=cov(X). Let ej be the jth eigenvector corresponding to the jth largest
eigenvalue of S. (All the eigenvalues are positive because S is a nonnegative definite
matrix.) We can then calculate the jth principle component as tij ¼ ðXi � �XX Þ0ej , where
�XX is the average of Xi, i=1, 2,. . .,N. Let Ti ¼ ðti1 . . . tiM Þ be the M principal
component values for the ith individual. Because the principal components are the
linear combinations of the independent random variables, it is reasonable to assume
that the tij follow approximately a mixture of K normal distributions when the
sample size is large and the genetic markers originate from K subpopulations (see
Apprendix). Furthermore, conditional on the kth subpopulation, we can assume the
distribution of Ti is the product of M normal distributions:

f ðTi jkÞ ¼
YM
j¼1

Nðtij j�kj ; �2kjÞ;

where

Nðtij j�kj ; �2kjÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
2��2kj

q exp
ðtij � �kjÞ

2

2�2kj

" #

is a normal density function. The distribution of Ti is

f ðTiÞ ¼
XK
k¼1

�k
YM
j¼1

Nðtij j�kj ; �2kjÞ;

where lk is the probability that an individual originates from the kth subpopulation,
with the restriction Slk=1.

Given an individual is from the kth subpopulation, we use logistic regression to
model the association between a candidate gene and a trait:

log
Pr½yi ¼ 1jgi; k�
Pr½yi ¼ 0jgi; k�

� �
¼ �þ �gi þ �k ð1Þ
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where dk indicates the effect of the kth subpopulation subject to the restriction that
�k ¼ 0, and b represents the effect of the candidate gene. It is assumed that the effect
of the candidate gene is the same across subpopulations, but this is not a necessary
assumption because we can use a population-specific b. This model is also used by
Satten et al. [2001]. For the sake of simplicity, we do not include any covariates in
equation (1), but this is not a necessary restriction. Under equation (1), the
probability that an individual has phenotype yi, given genotypic value gi and the
principal component Ti, is

Pr½yi jgi; Ti� ¼
XK
k¼1

Pr½yi jgi; Ti; k�Pr½kjgi; Ti�:

We further assume that the probability that an individual belongs to the kth

subpopulation is only dependent on the principal components, which are obtained
from the marker data. Thus we have

Pr½yijgi; Ti� ¼
XK
k¼1

Pr½yi jgi; k� f ðTi jkÞ=f ðTiÞ:

The likelihood of the observed data under equation (1) is then

LLOGISTIC ¼
YN
i¼1

XK
k¼1

�k Pr½yi; k� f ðTi jkÞ=f ðTiÞ: ð2Þ

When K is known, we can maximize the likelihood function (2) to estimate the
parameters. To test the null hypothesis b=0, we use the statistic Z� ¼ �̂�=SEð�̂�Þ,
where �̂� and SEð�̂�Þ are the estimates of b and its standard error by maximizing the
likelihood function (2). According to asymptotic theory, the statistic Z� has
approximately a normal distribution.

Due to the numerous parameters, directly maximizing the likelihood function
(2) is difficult. Therefore, we propose to estimate the number of subpopulations K
first. Biernacki and Govaert [1999a] and Biernacki et al. [1999b] discussed several
criteria for choosing the number of component K in a mixture model, including the
Akaike information criterion (AIC) [Akaike, 1974] and the Bayesian information
criterion (BIC). Both AIC and BIC choose K to maximize a penalized likelihood
function, where the penalty of BIC is much greater than that of AIC when the
number of parameters increases in the model. In other words, BIC favors a model
with fewer parameters. Based on extensive simulations, Biernacki et al. [1999b]
concluded that the BIC criterion behaves better than the AIC criterion. Therefore,
we use the BIC criterion to choose K. Because K is assumed to be dependent on the
marker data only, we use the likelihood function of observing the principal
components Ti; . . .TN , i.e.,

LPOP ¼
YN
i¼1

XK
k¼1

�kf ðTijkÞ; ð3Þ

to infer the number of subpopulations K. The BIC is defined as

BICðKÞ ¼ �2 logðLPOPðKÞÞ þ log ðNÞpðKÞ;
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where LPOPðKÞ is the maximized likelihood for a given K and p(K ) is the number of
parameters in the mixture model. In practice, we can calculate the BIC values for
different K and select the K with the minimum BIC value. We can begin with K=1
until the BIC value starts to increase.

To estimate the BIC value given K, we maximize the likelihood function (3) by
using the E-M algorithm for a mixture of normal distributions, as described by
Celeux and Govaert [1995]. We select the initial values of ð�kj ; �2kjÞ as follow. Given j,
we first normalize the value of tij for the i

th individual to the interval [0, 1]. The initial
values are selected as

�k ¼
1

K
; �kj ¼

k

K
; �2kj ¼

1

K
; k ¼ 1; 2; . . . ;K ; j ¼ 1; 2; . . . ; M :

E-step

1. Estimate the probability that the ith individual originated from kth mixture
component given Ti by

�ik ¼
�kf ðTi jkÞPK
k¼1 �kf ðTijkÞ

; i ¼ 1; . . . ;N ; k ¼ 1; . . . ;K :

2. Define indicator variables Iik; i ¼ 1; . . . ;N; k ¼ 1; . . . ;K , as

Iik ¼
1; if �ik ¼ maxf�i1; . . . ; �iKg
0; otherwise

�

3. The estimate �k is given by �k ¼ 1=N
PN

i¼1 Iik, which is the proportion of the
samples that originate from kth subpopulation.

M-step

The M-step determines new estimates of the parameters ð�kj ; �2kjÞ by

�kj ¼
PN

i¼1 tijIikPN
i¼1 Iik

and �2kj ¼
PN

i¼1 ðtij � �kjÞ
2IikPN

i¼1 Iik
:

We repeat both the E-step and M-step until the absolute difference of the current
and previous log-likelihood values is less than a predefined value. Since the E-M
algorithm above may be sensitive to the selection of initial values, we then restart the
E-M algorithm by permuting the initial values of ð�1j ; . . . ; �KjÞ for a given j.

After estimating K, we can estimate �; �; �k by maximizing likelihood (2), using
the E-M algorithm above with a little modification:

1. In the E-step, we calculate the probability that the ith individual originated from
the kth mixture component by

�ik ¼
�k Pr½yi jgi; k� f ðTi jkÞPK
k¼1 �k Pr½yi jgi; K � f ðTijkÞ

;

2. In the M-step, we further maximize likelihood (2) to obtain m b, and dk after
obtaining �kj and �2kj .
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The total number of parameters to maximize likelihood function (3) is
K(2Mþ 1)þ 1 when all the M principal components are used. To ensure the global
maximum is achieved, we restart the E-M algorithm with different sets of initial
values. However, the computational time is a problem. According to our experience,
we suggest using 3 or 4 principal components to infer the number of subpopulations
K. After estimating K, we use K � 1 principal components in likelihood function (2)
to estimate m b and dk The results obtained from maximizing likelihood function (3)
can be used for the initial values when maximizing likelihood function (2), and
additional sets of initial values are then not necessary.

In our simulation studies later, we compared our methods to the results from
STRUCTURE/STRAT software [Pritchard et al. 2000a,b], which can be down-
loaded via website (http://pritch.bsd.uchicago.edu).

SIMULATION STUDIES

To validate the proposed method, we conducted simulation studies under a
variety of population structure models. We simulated data first by coalescent
techniques [Hudson, 1990], and then by known allele frequencies in four
subpopulations extracted from ALFRED [Cheung et al., 2000].

Model A: Data Simulated by a Coalescent Process

By using the method of Zhang et al. [2001], we simulated the data only under
the null hypothesis of no association between a genetic marker and a disease trait.
We assumed that the sizes of the two subpopulations were 100 and 10,000
individuals when they divided, and that the current sizes are 107 and 5� 107,
respectively. Two population divergence times between the two subpopulations were
considered: 1) 500 generations, and 2) 1,500 generations, with the latter
corresponding to the likely divergence time between African and European
populations [Reich et al., 2001]. The population structure was created by drawing
50 cases and 30 controls from the first population, and 50 cases and 70 controls from
the second population. We simulated 100 independent markers that are not
associated with the disease phenotype. A mutation rate of 5� 10�7 per marker per
generation was assumed, and we only selected markers with minor allele frequencies
in the sample greater than 0.2.

Model B: Test Sample Generated From Empirical Population Data

An allele frequency database modeled on human population samples
(‘‘ALFRED’’) was recently designed by Cheung et al. [2000], and it is available to
the public via website (http//info.med.yale.edu/genetics/kkidd). ALFRED provides
both SNPs and microsatellite markers. From ALFRED, we extracted 147 markers
across four populations (Danes, San Francisco Chinese, Biaka, and Maya),
representing different continental populations. For the microsatellite markers, we
pooled the alleles to form a biallelic marker, with allele frequencies between 10–90%.
All markers were assumed to be independent. We then simulated marker genotypes
for each individual conditional on the allele frequencies in the individual’s original
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population. Since all frequencies were obtained from real data, the genotypes
should better represent the marker distributions of the population to which
he/she belongs. An admixed population was created from these four sub-
populations.

Model B1: discrete admixture of two subpopulations

We sampled 75 individuals as controls from each of the two subpopulations, but
100 individuals of the cases were drawn from subpopulation 1 and 50 from
subpopulation 2. Thus, we actually assigned the risk of disease in subpopulation 1 to
be two times higher than in subpopulation 2 [Pritchard and Rosenberg, 1999].
One hundred biallelic markers were simulated independently, based on the allele
frequencies.

Model B2: discrete admixture of four subpopulations

We sampled 38, 38, 37, and 37 individuals as controls from each of the four
subpopulations, but 60, 45, 30, and 15 cases from subpopulations 1, 2, 3, and 4,
respectively. We designated the risk of disease as 4:3:2:1 for populations 1, 2, 3, and
4, respectively [Pritchard and Rosenberg, 1999]. One hundred biallelic markers were
independently simulated.

Model B3: continuous admixture of two subpopulations

We simulated a data set using model C in Pritchard et al. [2000a]. Briefly, the
data include 400 cases and 400 controls with 200 biallelic markers. Among the 200
markers, the first 53 marker frequencies were used twice. Under the assumption that
there are two underlying subpopulations, we generated two datasets where the
disease prevalence in one subpopulation is 8- and 4-fold higher than in the other
subpopulation, respectively. For each control, we first simulated l from a beta
distribution with parameters (1, 4). This l represents the fraction of the ancestry
from the first subpopulation. Next we simulated this individual’s two alleles at each
marker with probability l from the first subpopulation, and probability 1 � l from
the second population. To simulate cases, a rejection sampling method was used. For
each case a probability l was drawn from the beta distribution and was accepted
with probability (1þ 7l)/8, or (1þ 3l)/4, respectively. If l was rejected, we drew a
new l from the beta distribution. This procedure was repeated until a selected K was
accepted.

Simulation of Candidate Loci

For data set A, we used the first marker as the candidate marker. For data set B,
we used the same method as in Pritchard et al. [2000b] to generate biallelic candidate
loci for each individual. Briefly, we assumed that the candidate locus has two
alleles A and a and allele A has frequency pk in the kth subpopulation. Under the
null hypothesis of no association between the candidate locus and the phenotype,
a candidate genotype was randomly assigned to each of the cases and
controls, conditional on the subpopulation from which the individual originates,
and the frequencies of allele A and a in that subpopulation. Under the alternative
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hypothesis, the probability that a case has genotype g at the candidate locus in the kth

population is

Pr ½gjaffected ; k� ¼
Rg Pr ½gjk�P
g Rg Pr ½gjk�

; ð4Þ

where summation is over (AA, Aa, and aa), and Rg is a relative risk associated with
genotype g that is population-specific. For the multiplicative model, the relative risk
associated with a genotype was assumed to be the product of the relative risk factors
of the individual’s two alleles. For example, the relative risk for an individual with
genotype AA, Aa, and aa is RARA, RARa, and RaRa, respectively. For the dominant
model, we assumed RAA = RAa. Then, the affected individual’s genotype at the
candidate locus was simulated based on the probability in equation (4). The method
of simulating the candidate genotypes can be interpreted to mean that the candidate
locus is either the functional site itself or is a marker in linkage disequilibrium with a
functional site [Pritchard et al., 2000b].

RESULTS

Validity

We simulated a large number of datasets under both model A (the coalescent
model) and model B (the admixture of 2 or 4 discrete real populations, or continuous
admixture of two populations). To reduce the computation time, we assumed K was
known in our estimation and was the same as in the simulations. Tables I and II
summarize type I error rates for statistic Z� under the null hypothesis of no
association between the candidate marker and the phenotype. For comparison, we
also calculated type I error rates using the logistic regression model without
adjustment for population stratification and the STRAT by Pritchard et al. [2000a].

In the case of the coalescent models in which two subpopulations are involved
(Table I), the results show that Z� is associated with a somewhat conservative type I
error (at P values of 0.05, 0.01, and 0.001), while logistic regression without
adjustment for stratification greatly inflates the type I error. Our estimated P values
suggest that our procedure performs well, even when 100 independent biallelic
markers are used to control population stratification.

TABLE I. Type 1 Error Rates for Both Zb and Logistic Regression Model Without Adjusting for Population

Stratification Under Coalescent Modelsa

No. of generations P-value Zb Logistic regression

500 0.05 0.0497 0.139

0.01 0.0093 0.041

0.001 0.0007 0.005

1,500 0.05 0.0485 0.275

0.01 0.0085 0.103

0.001 0.0009 0.014

aResults are based on 10,000 replications. For each replication, the sample consists of 100 cases and 100

controls. A total of 100 independent markers was used to make inferences about the population structure.
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We calculated the type I error rates using the empirical population genetic data.
Table II summarizes the results for the mixture of 2 and 4 subpopulations (models
B1 and B2). When the admixed population consists of 2 or 4 subpopulations, the
type I error rate was still on the conservative side, but the unadjusted logistic
regression had a large type I error. STRAT also gives a reasonable type I error rate.

In the case of model B3, in which a continuous mixture model of two
subpopulations is assumed, the type I error of Z� is still close to the nominal level. In
contrast, both STRAT and logistic regression model have a higher type I error rate
(Table II).

To view how well our method can infer the hidden population structure, we
examined the number of subpopulations estimated by BIC. For each simulated data
set, we calculated the BIC values from K¼ 1–6. The K corresponding to the smallest
BIC value was the estimated number of subpopulations. Table III presents the
results based on 5,000 replications for the mixture model. In the cases of admixed
populations simulated by coalescent models (number of generations equal to 500 and
1,500, K¼ 2) and by four empirical population distributions (model B2), the mixture
model predicted the number of subpopulations more than 99.7% correctly.
Furthermore, every individual could be assigned to the right subpopulation
membership with more than 99% probability when the number of subpopulation
was correctly inferred. When the number of markers to control population
stratification was dropped to 50, only less than 1% individuals were assigned to
the wrong subpopulations.

The performance of the mixture model was further examined in the case of
continuous admixture, such as occurs with model B3, after increasing the number of

TABLE II. Type I Error Rates for Zb and a Logistic Regression Model Without Adjusting for Population

Stratification, and STRAT Using Empirical Population Genetic Dataa

Model B1 Model B2 Model B3

Zb

Logistic

regression STRATb Zb

Logistic

regression STRATb Zb

Logistic

regression STRAT

P¼ 0.05

p1, p2
c p1, p2, p3, p4

d Re

0.5, 0.1 0.049 0.351 0.06 0.9, 0.7, 0.30, 0.2 0.051 0.811 0.059 4 0.058 0.140 0.097

0.9, 0.1 0.045 0.790 0.064 0.1, 0.3, 0.70, 0.9 0.047 0.728 0.065 8 0.068 0.255 0.159

P¼ 0.01

0.5, 0.1 0.01 0.118 0.01 0.9, 0.7, 0.3, 0.1 0.0085 0.521 0.012 4 0.013 0.043 0.029

0.9, 0.1 0.008 0.984 0.01 0.1, 0.3, 0.7, 0.9 0.0085 0.38 0.014 8 0.015 0.102 0.058

P¼ 0.001

0.5, 0.1 0.001 0.0214 0.9, 0.7, 0.3, 0.1 0.005 0.178 4 0.0013 0.0076 0.0038

0.9, 0.1 0.005 0.0559 0.1, 0.3, 0.7, 0.9 0.0006 0.106 8 0.0020 0.0228 0.018

aResults are based on 10,000 replications. For each replication, the sample consists of 150 cases and 150

controls. A total of 100 independent markers was used to infer the population structure for model B1 and

B2, but 200 markers for B3.
bIndicates the results based on 1,000 replications.
cp1, p2 represent the testing marker allele frequencies in subpopulations 1 and 2, respectively.
dp1, p2, p1, p2 represent the testing marker allele frequencies in subpopulations 1, 2, 3, and 4, respectively.
eR represents the relative disease prevalence for two subpopulations.
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independent markers controlling for population structure to 200. In this case, it is
much more difficult to infer the population structure because each individual is
admixed. Under these circumstances, we found that the mixture model could still
correctly predict the number of subpopulations 94% of the time (Table III). The
correlation between the estimate of the amount of ancestry and the actual ancestry is
about 0.78. For comparison, we used the program STRUCTURE [Pritchard et al.,
2000b] to estimate the number of subpopulations, based on 500 replications to
reduce computation time. The results show that the number of subpopulations was
overestimated by STRUCTURE (last column in Table III), and only in 53 out of 500
simulation runs were the correct numbers of subpopulations predicted.

Power

We examined the power of the statistics Z� under a variety of alternative models
and compared it with STRAT. We assumed that the number of subpopulations was
known. In all power calculations, we assigned the genetic value g to be 1 if the allele
associated with a trait appeared in the candidate marker, and otherwise, to be 0.
Table IV summarizes the power of these statistics under different models. For the
multiplicative model, STRAT is usually more powerful than Z�. The difference in
the power estimates between STRAT and Z� becomes larger when the relative risk
for the same allele varies in different subpopulations. However, Z� is more powerful
than STRAT for a dominant model. The reason that Z� lacks power in the
multiplicative setting is that we assumed that the genetic effects are fixed across
subpopulations, and our coding method for the genetic value is only more powerful
for the dominant model. We can improve the power of Z�, for example, by coding
different genetic values for homozygote and heterozygote genotypes [Zhu and
Elston, 2001].

TABLE III. Frequencies of Number of Subpopulations Estimated by Mixture Modelsa

Frequencies of the no., of subpopulations inferred

Simulation model STRUCTUREb

No. of

subpopulations

to be inferred

Coalescent 500

generations,

K¼ 2

Coalescent

1,500 generations,

K¼ 2 B2, K¼ 4 B3, K¼ 2 B3, K¼ 2

1 0 0 0 250 0

2 5,000 4,999 0 4,699 46

3 0 1 9 50 56

4 0 0 4,987 1 89

5 0 0 4 0 106

6 0 0 0 0 123

aK is the number of subpopulations used in simulations. One hundred markers were used to infer

population structure for the coalescent model and B2, but 200 markers for B3. For the coalescent model

and B2, we sampled 150 cases and 150 controls, but 400 cases and 400 controls for model B3. All results

were based on 5,000 replications, except that by STRUCTURE.
bResult was based on 500 replications.
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DISCUSSION

We have presented a method for association mapping with a structured
population sample. In our method we first infer K, i.e., the number of
subpopulations based on the marker information, and then we conduct the
association test conditional on the number of subpopulations. Extensive simulations
show that our method is robust under different population structures, although more
SNPs are required to adequately control for the effect of population structure in the
case of continuous admixture. Our simulation studies also showed that K could be
estimated correctly by the mixture model, using the BIC information. In our method,
the marker information is summarized by the principal components. Although part
of the marker information may be lost because we use only the first K � 1 principal
components, this effect will be minimal compared to adding a large number of
additional parameters into the model. In our simulation studies of equation 3, we
added the second and the third principal components, but the correlation between
estimated ancestry and actual ancestry is almost the same. When we used all the
principal components, we found that the maximum of the likelihood function often
changes with different initial values, indicating that many local maximums of the
likelihood function exist. Hence the global maximum likelihood is much more
difficult to achieve when there are too many parameters. In a similar method, using
the latent-class model proposed by Satten et al. [2001], all the marker information is
used, and the inference of population structure and the estimation of the genetic
effect are performed simultaneously. However, the number of parameters in their
model is substantially larger, and maximizing the likelihood function may be
problematic. This may explain their simulation results, where the number of
subpopulations was underestimated for the admixture of distinct subpopulations

TABLE IV. Power Comparisons of Statistics Zb and STRAT, Using Empirical Population Genetic Data

From ALFREDa

Multiplication

RA1¼RA2¼ 1.5

Multiplication

RA1¼ 1.0, RA2¼ 2

Dominant,

RA1A1¼RA1a1¼
RA2A2¼RA2a2¼ 2.0

Dominant,

RA1A1¼ RA1a1¼ 1.5,

RA2A2¼RA2a2¼ 2.0

Zb STRAT Zb STRAT Zb STRAT Zb STRAT

p1, p2
b P¼ 0.05

0.1, 0.5 0.40 0.43 0.22 0.62 0.68 0.46 0.42 0.25

0.1, 0.9 0.21 0.27 0.04 0.19 0.48 0.38 0.18 0.13

P¼ 0.01

0.1, 0.5 0.17 0.22 0.07 0.38 0.41 0.25 0.20 0.10

0.1, 0.9 0.08 0.10 0.006 0.07 0.25 0.18 0.07 0.04

aResults are based on 2,000 replications for Zb and 1,000 replications for STRAT. A total of 147 biallelic

markers was used to control the effect of population structure. RA1 and RA2 are relative risk factors, where

the subscript represents the allele that is inherited from an ancestor in population 1 or 2. In all models, we

set Ra1¼Ra2¼ 1. For STRAT, we assume that the number of subpopulations is known, and equal to 2,

but we estimate it for Zb. A, a represent the two alleles of a candidate marker; 1, 2 represent

subpopulations 1 and 2.
bp1, p2 represent the testing marker allele frequencies in subpopulation 1 and 2, respectively.
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[Tables 2 and 3 in Satten et al., 2001], and dependent on sample size for the
continuous admixture [Table 5 in Satten et al., 2001]. Underestimating the number of
subpopulations would invalidate the test statistics for the null hypothesis, inflating
the type I error. Overestimating the number of subpopulations may not inflate the
type I error, but it will reduce power. Satten et al. [2001] did not perform simulation
studies regarding type I error rates, although they mentioned several possible test
statistics, such as the likelihood ratio test or permutation tests; their validity should
be studied further before they are used to test the null hypothesis. As noted by Satten
et al. [2001], as well as by Pritchard and Donnelly [2001], the simulation study by
Satten et al. [2001] was too small to permit a conclusion about coverage properties.
In contrast, we provide a method for both parameter estimation and hypothesis
testing.

In our simulations, we used 100 independent markers to control for the
effect of population stratification for discrete admixture, and 200 markers for
continuous admixture. In general, it is difficult to predict the number of markers
required to adequately control for the effect of population structure, which is
dependent on degree of differentiation of the subpopulations, the number of
subpopulations, and the extent of admixture [Pritchard et al., 2000a]. When the
number of markers controlling for the population stratification was dropped to 50,
the mixture model still predicted an individual’s subpopulation membership
correctly for the discrete admixture population. However, many more markers are
necessary for a continuously admixed population. In practice, we can test association
between a trait and each marker that is used for controlling for the effect of
population structure. A positive rate above the nominal level indicates that
additional markers are required to control for the effect of population structure
[Zhang et al., unpublished findings].

We suggest using the first K � 1 principal components to avoid too many
parameters in the model. After the first K� 1 principal components, little
information can be gained. For example, we estimated the amount of ancestry for
each individual for a simulated dataset according to model B3. The correlations
between the estimated ancestry and the actual ancestry are 0.782, 0.788, and 0.787,
corresponding to 1, 2, and 3 principal components used in the model, respectively. In
practice, K is usually unknown and should be estimated. We suggest using at least 3
or 4 principal components to infer the number of subpopulations.

In our type I error studies, we assumed that K was known and was the same as
what we used in the simulation data. This may have some limitations. If we used the
estimated K, the type I error rate might have been higher than what we observed in
our simulations.

A similar method was proposed by Pritchard et al. [2000a]. This method first
infers K and the probabilities that each individual belongs to a subpopulation using
the MCMC method, and then uses this information for association mapping. In our
simulation study, the method proposed by Pritchard et al. [2000a] tends to
overestimate the number of subpopulations. While this may not inflate type I error
rate, power could be diminished and the computational time could increase
dramatically. We also noted that the type I error of STRAT in our simulations is
higher than in Pritchard et al. [2000a]. Perhaps 200 biallelic markers are not enough
to control well for the effect of population structure in our simulations.
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Devlin and Roeder [1999] introduced a GC method to correct for the effect due
to population structure. Reich and Goldstein [2001] showed that the GC method is
robust to population stratification by simulations. However, the GC method
assumes that the allele frequency differences at all loci under the null hypothesis
come from the same distribution. Such an assumption could be violated when
selection is involved, and therefore lead to high type I error rates [Pritchard et al.,
2000a]. The power of the GC method can be decreased if the genetic effect is
different across different subpopulations [Pritchard et al., 2001]. Our proposed
method can still have power, providing the population-specific parameter b is used.

When the target population is a mixture of two subpopulations, we found that
adding the first principal component as a covariate to a simple logistic regression can
adjust for the effect of population structure (data not shown). This property could be
useful in association mapping in a population with a demographic history similar to
that of African Americans, based on admixture of two continental populations. To
assess the statistical properties, the routine SAS package can be used.

Although our method is based on biallelic markers, it can also be extended to
the case of microsatellite markers, using the same idea as proposed by Zhang et al.
[unpublished findings]. Specifically, suppose there are Lm alleles for mth marker, and
that the alleles are indicated by 1, 2,. . .,Lm. Let zim

(1) and zim
(2) be the two alleles of the

mth marker genotype for the ith individual. We then define a 2Lm dimensional vector
Xim ¼ ðxð1Þ1 ; . . . ;xð1ÞLm; x

ð2Þ
1 ; . . . ;xð2ÞLmÞ as

x
ð1Þ
k ¼ 1; if z

ð1Þ
ik ¼ k;

0; otherwise;

�
and x

ð2Þ
k ¼ 1; if z

ð2Þ
ik ¼ k;

0; otherwise;

�

where k ¼ 1; . . . ; Lm. We further define a 2
PM

i¼1 Lm vector Xi ¼ ðXi1; . . . ;XiM Þ;
i ¼ 1; . . . ;N. The principal component analyses will be performed on the vectors
X1; . . . ;XN . This definition does not depend on the code of an allele; it then can
adjust the allele effect properly.

Zhang and Zhao [2001] proposed a quantitative similarity-based association test
to identify association between a candidate marker and a quantitative trait using
unrelated individuals. Our method can also be extended to quantitative traits. For
example, we can replace the logistic with a linear model. That is, conditional on
subpopulation k, we assume

yi ¼ �þ �gi þ �k þ �i;

where yi now represents the quantitative trait of the ith individual, and �i is a random
error term from a normal distribution Nð0; �2Þ. Then the likelihood function (2)
becomes

L ¼
YN
i¼1

XK
k¼1

�ikNðyi j�þ �gi þ �k; �
2Þf ðTi=kÞ=f ðTiÞ:

Similarly, we maximize this likelihood and use the statistic Z� to test the null
hypothesis of no association between a trait and a candidate marker. When the
target population is an admixture of two subpopulations, a simple linear regression
model

yi ¼ �þ �gi þ �ti þ �i
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can be applied. This idea can also be extended to deal with the case of more than two
subpopulations by using a partial linear model approach [Zhang et al., unpublished
findings].
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APPENDIX

In this appendix, we give a proof that under certain conditions the distribution
of the principal component is a normal mixture. For simplicity, we only give the
proof for the case of a mixture of two discrete subpopulations.

Suppose we sample N1 individuals from the first subpopulation and N2

individuals from the second subpopulation ðN1 þN2 ¼ NÞ. Using the same notation
in the paper, let tij ¼

PM
m¼1 xmemj be the j

th principal component of the ith individual,
where ðe1j ; e2j ; . . . ; eMjÞ is the eigenvector corresponding to the jth eigenvalue and xim
is the marker genotypic value. Given the jth principal component, if we can prove
that tij is approximately normally distributed with mean �1j and variance �21j for the
individuals from the first subpopulation and mean �2j and variance �22j for the
individuals from the second subpopulation, then tij is a sample from a normal
mixture.

Let q1m denote the frequency of allele 2 at the mth marker in the first
subpopulation, with 	 � q1m � 1� 	 for a small Z, then we have the following
proposition.

Proposition

Under the condition that max1�m�M emj ! 0 as M ! 1, tij is approximately
normally distributed with mean �1j and variance �21j in the first subpopulation, where

�1j ¼ lim
M!1

XM
m¼1

2emjq1M and �21j ¼ lim
M!1

XM
m¼1

2e2mjq1mð1� q1mÞ:

Proof

Let ymj ¼ emjxim. Then y1j ; y2j ; . . . ; yMj are independent random variables.
Further, let S2

j ¼
PM

m¼1 varðymjÞ ¼ 2
PM

m¼1 e
2
mjq1mð1� q1mÞ and amj ¼ EðymjÞ ¼

2emjq1m. To prove the proposition, according to the Lindeberg-Feller theorem, we
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only need to check the following condition: for any �40;

gMð�Þ ¼
1

S2
j

XM
m¼1

Z
jy�amj j��Sj

jy� amj j2dFymj
! 0 as M ! 1;

where Fymj
is the distribution function of ymj. Note that

gM ð�Þ ¼
1

S2
j

XM
m¼1

Z
jx�2q1m j��emjSj

e2mj jx� 2q1mj
2 dFxm

and the possible values of x are 0, 1, and 2. Further, noting that j2q1mj �
2�; j2� 2q1mj � 2ð1� �Þ; max1�m�M emj ! 0 as M ! 1 and

PM
m¼1 e

2
m ¼ 1, it is

easy to verify that gM ð�Þ ! 0 for any �40. Thus, we complete the proof of the
proposition.

Using the same method, we can prove that tij is approximately normal
distributed with mean �2j and variance �22j for the individuals from the second
subpopulation. Hence, tij is a sample from a mixture of two normal distributions.

Note

Intuitively, the condition of max1�m�M emj ! 0 as M ! 1 indicates that each
of the markers contributes a small part of the information to the jth principal
component, a summary quantity measuring the difference between the two
subpopulations. That is to say that if population stratification exists, we should
expect to find a consistent pattern of the allele-frequency differences at many
markers across the genome. In fact, this assumption is the basis of all the methods
using genomic markers to control the effect of population stratification [Pritchard et
al., 2000a,b; Devlin and Roeder, 1999].
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