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Abstract

Several statistical methods have been proposed to estimate haplotype frequen-

cies, either based on unrelated individuals or based on families. These estimates

may yield insights on population genetics as well as associations between candidate

regions and disease of interest. One limitation of the existing methods is that all

these methods make the implicit assumption that there are no genotyping errors.

However, genotyping errors are unavoidable in practice. Numerous methods have

been developed to incorporate genotyping errors in genetic studies, but none to date

have addressed the issues of haplotype inference in the presence of genotyping errors.

In this article, we develop statistical methods for haplotype inference incorporating

genotyping errors. We describe how our methods can be applied to analyze unre-

lated individuals as well as nuclear families. Our simulation results show that the

proposed methods perform well in the presence of genotyping errors.
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Introduction

Genetic analyses using haplotype data may reveal more information than those

based on single markers both in the study of population history and in the identifica-

tion of genes associated with complex diseases (see, for example, Fallin et al. 2001).

One issue that is often encountered in using haplotypes is that most genotyping

technologies only lead to individual marker information, not haplotypes. Many sta-

tistical methods have been developed to estimate haplotype frequencies and recon-

struct haplotype pairs in individuals, including Clark (1990), Excoffier and Slatkin

(1995), Hawley and Kidd (1995), Long et al. (1995), Stephens et al. (2001) and Niu

et al. (2002) for unrelated individuals and Excoffier and Slatkin (1998) and Schaid

(2002) for nuclear families.

One implicit assumption in these methods is that there are no genotyping errors,

although such errors are unavoidable and may affect many aspects of genetic data

analysis, such as type-I error, power, and parameter estimation (Terwilliger et al.

1990; Buetow 1991; Shields et al. 1991; Goldstein et al. 1997; Gordon et al.

1999; Akey et al. 2001). Numerous statistical methods have been developed to

incorporate genotyping errors in the analysis of genotype data (Broman and Weber

1998; Göring and Terwilliger 2000a, 2000b, 2000c, 2000d; Gordon and Ott 2001;

Gordon et al. 2001; Sobel et al. 2002). However, no statistical method has been

developed to incorporate genotyping errors in haplotype inference. In this article,

we describe statistical methods for haplotype frequency estimation in the presence

of genotyping errors, both for samples consisting of unrelated individuals and for

samples consisting of nuclear families. We derive closed-form expressions for the

maximum likelihood estimates (MLEs) under simple situations, e.g. one biallelic

marker for unrelated individuals and for nuclear families with one child. For more

complex situations, haplotype frequencies can be estimated using the expectation-

maximization (EM) algorithm (Dempster et al. 1977). These haplotype frequency

estimates allow us to estimate the number of genotype configurations taking into

account of genotyping errors. These reconstructed genotype configuration counts
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can be used to perform statistical analysis methods to identify associations between

candidate genes and complex diseases. Simulation results show that our methods

perform well in the presence of genotyping errors.

Methods

In this section, we describe our methods for haplotype frequency estimation for

samples consisting of unrelated individuals and samples consisting of nuclear families

in the presence of genotyping errors.

Notation

Let k be the number of genetic markers and Ij be the number of alleles at marker

j, where j = 1, ..., k. The alleles at marker j are denoted by 1, ...,Ij. We use 2 × k

matrix 
 a11 · · · ak1

a12 · · · ak2




to denote the genotype of an individual, where aj1 and aj2 are the two alleles at

marker j with 1 ≤ aj1, aj2 ≤ Ij (j = 1, ..., k). Denote the total number of possible

haplotypes by H, which is equal to Πk
j=1Ij. The frequencies of these H haplotypes

are denoted by p1, ..., pH , respectively. Let the sample size be n. Throughout the

paper, we assume Hardy-Weinberg equilibrium and random mating.

The case of one biallelic marker for unrelated individuals

The simplest case for unrelated individuals is that of only one biallelic marker, i.e.

k = 1 and I1 = 2. We assume that genotyping errors are independently introduced

into each marker of each individual. The genotyping error rates from true allele

1 to erroneous allele 2 and from true allele 2 to erroneous allele 1 are ε1 and ε2,

respectively. Note that other types of errors have been described in the literature

(see Sobel et al. 2002 for a detailed discussion). Let the numbers of the observed
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three genotypes (1 1)′, (1 2)′ and (2 2)′ (here ′ means transpose) be n1, n2 and n3,

where n1+ n2 + n3 = n.

Let O denote the observed genotype, and T denote the true genotype. Then we

have

P (O = (1 1)′) = P (O = (1 1)′ | T = (1 1)′) · P (T = (1 1)′)

+P (O = (1 1)′ | T = (1 2)′) · P (T = (1 2)′)

+P (O = (1 1)′ | T = (2 2)′) · P (T = (2 2)′)

= [(1− ε1)p1 + ε2p2]
2 ,

where p1 is the frequency of allele 1, and p2 = 1− p1. Similarly,

P (O = (1 2)′) = 2 [(1− ε1)p1 + ε2p2] [ε1p1 + (1− ε2)p2] ,

P (O = (2 2)′) = [ε1p1 + (1− ε2)p2]
2 .

Based on these probabilities, we can derive the MLE of allele frequency p1 as

p̂1 =
(2n1 + n2)/(2n)− ε2

1− ε1 − ε2

. (1)

Based on this estimate, we can estimate the numbers of genotypes (1 1)′, (1 2)′ and

(2 2)′ as np̂2
1, 2np̂1(1− p̂1) and n(1− p̂1)

2, respectively.

The case of multiple markers and multiple alleles for unrelated individuals

For the general case of multiple markers and multiple alleles at each marker,

for simplicity, we assume that the error rate from one allele to another allele is

the same at the same marker and denote this error rate by εl for marker l, where

l = 1, ..., k. Instead of deriving closed-form expressions for haplotype frequency

estimates, we use the EM algorithm to obtain these estimates. Denote the observed

genotype for the ith individual by gi, i = 1, ..., n. Let di(u), u = 1, ..., Ui, denote all

possible diplotypes which are consistent with genotype gi. By diplotype, we mean

the haplotype pair, that is, the genotype whose phase information is known. In this

situation, we distinguish the parental origin of the two haplotypes among the Ui
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compatible haplotype pairs, although it is impossible to do so based on unrelated

individuals. For example, diplotypes


 1 1

2 2


 and


 2 2

1 1


 are considered to be

different, where the top haplotype can be considered having paternal origin and the

bottom haplotype having maternal origin.

If the true diplotype is d for the ith individual, the probability that the observed

genotype is gi is given by

P (gi | d) =

Ui∑
u=1

P (di(u) | d)

=

Ui∑
u=1

Πk
l=1P (d

(l)
i(u) | d(l))

=

Ui∑
u=1

Πk
l=1 [1− (Il − 1)εl]

ziuld ε2−ziuld
l , (2)

where d
(l)
i(u) and d(l) denote the genotypes of di(u) and d at the lth marker, and ziuld

denotes the number of the same alleles on the same chromosome for d
(l)
i(u) and d(l),

where ziuld is 0, 1, or 2.

Suppose that the (unknown) diplotype of the ith individual is di, then the log-

likelihood function is

log L =
n∑

i=1

log P (gi, di).

The MLEs of haplotype frequencies can be obtained through the following EM

algorithm.

(i) E-step:

Let p = (p1, ..., pH) and denote the estimates of p at the jth step by p(j). Then

we have
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Q(p | p(j)) ≡
n∑

i=1

Edi|(gi,p(j)) [log P(gi, di)]

=
n∑

i=1

∑

d

[log P(gi, d)] · P (
d | gi, p

(j)
)

=
n∑

i=1

∑

d

[log P(gi | d) + log P(d)] · P (
d | gi, p

(j)
)
, (3)

where
∑

d means summation over all possible diplotypes, P(gi | d) is given by

formula (2), and

P
(
d | gi, p

(j)
)

=
P (gi | d) · P (

d | p(j)
)

P (gi | p(j))

=
P (gi | d) · P (

d | p(j)
)

∑
d P (gi | d) · P (d | p(j))

.

(ii) M-step:

Note that when d =


 hs

ht


, where hs and ht are the two haplotypes for

diplotype d, P (d) = p2
s if s = t and = 2pspt otherwise under Hardy-Weinberg

equilibrium. So

∂ log P(d)

∂pt

=
δdt

pt

,

where δdt is equal to the number of times that haplotype ht is present in diplotype

d. δdt can be 0, 1, or 2, and
∑H

t=1 δdt = 2. Because log P(gi | d) does not depend on

haplotype frequencies p1, ..., pH , by maximizing the expectation function Q(p | p(j))

given in (3), we can obtain the (j + 1)th iteration value as follows:

p
(j+1)
t =

∑n
i=1

∑
d δdt · P

(
d | gi, p

(j)
)

∑H
t=1

∑n
i=1

∑
d δdt · P (d | gi, p(j))

=
1

2n

n∑
i=1

∑

d

δdt · P
(
d | gi, p

(j)
)
. (4)
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Starting with some initial value p(0) =
(
p

(0)
1 , ..., p

(0)
H

)
and using formula (4),

we can iterate the E-step and M-step above until convergence to obtain MLEs of

haplotype frequencies. Based on haplotype frequency estimates, we can obtain the

estimates of the numbers of genotypes g∗i :

n∗i = n · P (g∗i ) = n ·
∗∑

d

P (d),

where
∑∗

d means summation over all different diplotypes consistent with genotype

g∗i .

The case of one biallelic marker for family trios

The simplest case for nuclear families is that of a biallelic marker for nuclear

families with two parents and one offspring, i.e. k = 1, I1 = 2, and the number of

children r = 1. There are ten possible true trio genotypes (see the second column of

Table 1), where the first two genotypes denote those of parents, the last genotype

denotes that of child, and we make no distinction between parent 1 and parent 2.

Let ε1 and ε2 be the genotyping error rates defined before in the discussion of single

markers for unrelated individuals. Then there are 18 possible observed genotypes

(see the fourth and last columns of Table 1). Eight of the 18 family genotypes are

not Mendelian consistent. Although we can discard these trios showing inconsistent

Mendelian inheritance, there is useful information on diplotypes in these genotypes

that can be used to recover diplotypes of individuals if genotyping errors are appro-

priately taken into account. This can be achieved under the likelihood framework,

and we can use all the observed data to estimate haplotype frequencies and the

numbers of true trio genotypes Ti (i = 1, ..., 10) in the sample as follows.

Suppose that the number of observed trio genotype Oi in the sample is ni, i =

1, ..., 18. Then the log-likelihood is given by (neglecting constants)

log L =
18∑
i=1

ni log [P(O = Oi)] , (5)
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where the probability P (O = Oi) can be calculated by

P (O = Oi) =
10∑

m=1

P (O = Oi | T = Tm) · P (T = Tm). (6)

To illustrate the calculation of P(O = Oi), we calculate P(O = O5) in the

following. It can be seen that

P (O = O5 | T = T8)

= P (O = ((1 1)′ (1 2)′ (1 2)′) | T = ((1 2)′ (2 2)′ (1 2)′))

= 3(1− ε1)
2 ε2

2(1− ε2)
2 + 4 ε1(1− ε1) ε3

2(1− ε2) + ε2
1ε

4
2.

Similarly, we can get the other conditional probabilities P(O = O5 | T = Tm).

Substituting these formulas into (6) and using the values of P(T = Tm) given in the

third column of Table 1, we have

P (O = O5) = 8ε2
1(1− ε1)

4 · p4
1 + ψ1(ε1, ε2) · 2p3

1p2 + ψ2(ε1, ε2) · 4p2
1p

2
2

+ψ3(ε1, ε2) · 2p1p
3
2 + 8ε4

2(1− ε2)
2 · p4

2,

where

ψ1(ε1, ε2) = 2ε1(1− ε1)
4(1− ε2) + 6ε2

1(1− ε1)
3 ε2 + (1− ε1)

4(1− ε2)
2

+4ε1(1− ε1)
3 ε2(1− ε2) + 3ε2

1(1− ε1)
2 ε2

2,

ψ2(ε1, ε2) = 2(1− ε1)
3ε2(1− ε2)

2 + 4ε1(1− ε1)
2ε2

2(1− ε2) + 2ε2
1(1− ε1)ε

3
2

+(1− ε1)
2ε2

2(1− ε2)
2 + ε1(1− ε1)ε

3
2(1− ε2),

and

ψ3(ε1, ε2) = 6(1− ε1)ε
3
2(1− ε2)

2 + 2ε1ε
4
2(1− ε2) + 3(1− ε1)

2ε2
2(1− ε2)

2

+4ε1(1− ε1)ε
3
2(1− ε2) + ε2

1ε
4
2.

To simplify our calculation, we can use the following result described in Zou et

al. (2003):
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Lemma (i) Let P(O = M0 | T = M) = φ(ε1, ε2). Then (a) P(O = M0 |
T = M) = φ(1− ε1, 1− ε2); (b) P(O = M0 | T = M) = φ(1− ε2, 1− ε1).

(ii) Let P(T = M0 | O = M0) = ϕ(p1, ε1,ε2). Then P(T = M0 | O = M0) =

ϕ(1− p1, ε2,ε1),

where M means the conjugate of genotype M . For a family with genotype M , we

define the conjugate of M , denoted by M , as the genotype with each 1 in M replaced

by 2 and each 2 in M replaced by 1.

By maximizing the log-likelihood given by formula (5), we can find the MLE

of p1. Using the allele frequency estimates, we can estimate the true trio genotype

data: the estimated number of the true trio genotype Ti is the sample size multiplied

by the estimated population frequency of Ti which can be obtained from the third

column of Table 1 and the estimates of p1 and p2. For example, the estimated number

of the true trio genotype T1 is m1 = n · p̂4
1.

The case of multiple markers and multiple alleles for nuclear families with mul-

tiple children

Similar to the discussion of multiple markers and multiple alleles for unrelated

individual, we assume that the error rate is εl at the lth marker for general nu-

clear families. We also apply the EM algorithm to obtain the MLEs of haplotype

frequencies as follows.

Let the observed genotype for the ith family be (gif , gim,gic1 , ..., gicni
), i = 1, ..., n,

where gif , gim and gicj
(j = 1, ..., ni) denote the genotypes of father, mother and

children, respectively, and ni denotes the number of children in the ith family. If

the true diplotypes of father, mother and children for ith family are df , dm and

dc1 , ..., dcni
, respectively, then the probability that the observed genotype for the ith

family is (gif , gim,gic1 , ..., gicni
) is given by
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Φi ≡ P
(
gif , gim,gic1 , ..., gicni

| df , dm, dc1 , ..., dcni

)

= P (gif | df ) · P (gim | dm) · Πni
v=1P (gicv | dcv)

=




Uif∑
u=1

P
(
dif(u) | df

)



[
Uim∑
u=1

P
(
dim(u) | dm

)
]{

Πni
v=1

[
Uicv∑
u=1

P
(
dicv(u) | dcv

)
]}

=




Uif∑
u=1

Πk
l=1P

(
d

(l)
if(u) | d(l)

f

)



[
Uim∑
u=1

Πk
l=1P

(
d

(l)
im(u) | d(l)

m

)]

×
{

Πni
v=1

[
Uicv∑
u=1

Πk
l=1P

(
d

(l)
icv(u) | d(l)

cv

)]}
,

where

P
(
d

(l)
if(u) | d(l)

f

)
= [1− (Il − 1)εl]

zifuldf ε
2−zifuldf

l ,

P
(
d

(l)
im(u) | d(l)

m

)
= [1− (Il − 1)εl]

zimuldm ε
2−zimuldm
l ,

P
(
d

(l)
icv(u) | d(l)

cv

)
= [1− (Il − 1)εl]

zicvuldcv ε
2−zicvuldcv
l ,

and dif(u), d
(l)
if(u), Uif , and zifuldf

, etc. are similarly defined as di(u), d
(l)
i(u), Ui, and

ziuld above. For example, dicv(u) denotes the uth diplotype of the vth child in the

ith family which is consistent with genotype gicv , and zicvuldcv
denotes the number

of the same alleles on the same chromosome for d
(l)
icv(u) and d

(l)
cv which can take either

0, or 1 or 2 as its value. As in the case of unrelated individuals, we emphasize

here that for (and only for) Uif (Uim, Uicv , v = 1, ..., ni) diplotypes dif(u) (dim(u),

dicv(u), v = 1, ..., ni) of genotype gif (gim, gicv , v = 1, ..., ni), we distinguish different

chromosomes.

Now we suppose that the (unknown) diplotype of the ith family is (dif , dim, dic1 ,

..., dicni
). Then the log-likelihood is

log L =
n∑

i=1

log P
(
gif , gim,gic1 , ..., gicni

, dif , dim, dic1 , ..., dicni

)
.
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The EM algorithm to obtain haplotype frequency estimates is performed as fol-

lows.

(i) E-step:

Q(p | p(j)) ≡
n∑

i=1

E(dif ,dim,dic1
,...,dicni

)|(gif ,gim,gic1
,...,gicni

,p(j))

[log P (gif , gim,gic1 , ..., gicni
, dif , dim, dic1 , ..., dicni

)]

which is equal to

n∑
i=1

∑

df

∑

dm

∑

dc1

· · ·
∑

dcni

[
log P

(
gif , gim,gic1 , ..., gicni

, df , dm, dc1 , ..., dcni

)]

×P
(
df , dm, dc1 , ..., dcni

| gif , gim,gic1 , ..., gicni
, p(j)

)

=
n∑

i=1

∑

df

∑

dm

∑

dc1

· · ·
∑

dcni

[log Φi +log P (df , dm)+log P (dc1 , ..., dcni
| df , dm)] ·Ψi, (7)

where
∑

df
and

∑
dm

denote summations over all possible diplotypes,
∑

dcv
(v =

1, ..., ni) means summation over those diplotypes which are Mendelian consistent

with the diplotypes of parents, and Ψi is the posterior probability of diplotypes

given the observed genotypes of the ith family:

Ψi ≡ P
(
df , dm, dc1 , ..., dcni

| gif , gim,gic1 , ..., gicni
, p(j)

)

=
ΦiP

(
df | p(j)

)
P

(
dm | p(j)

)
Πni

v=1P(dcv | df , dm)∑
df

∑
dm

∑
dc1
· · ·∑dcni

Φi P (df | p(j)) P (dm | p(j)) Πni
v=1P(dcv | df , dm)

.

(ii) M-step:

We need to maximize Q(p | p(j)) given by formula (7) with respect to p. Note

that given the diplotypes of the parents, the diplotypes of their children do not

depend on the parameter p = (p1, ..., pH), and

∂ log P (df , dm)

∂pt

=
δdf ,t + δdm,t

pt

,

where δdf ,t and δdm,t denote the numbers of times that haplotype ht is present in

diplotype df and dm, respectively. Based on these and the fact that
∑H

t=1 δdf ,t =
∑H

t=1 δdm,t = 2, we can obtain the (j + 1)th iteration parameter estimates as:
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p
(j+1)
t =

∑n
i=1

∑
df

∑
dm

∑
dc1
· · ·∑dcni

(δdf ,t + δdm,t) ·Ψi

∑H
t=1

∑n
i=1

∑
df

∑
dm

∑
dc1
· · ·∑dcni

(δdf ,t + δdm,t) ·Ψi

=
1

4n

n∑
i=1

∑

df

∑

dm

∑

dc1

· · ·
∑

dcni

(δdf ,t + δdm,t) ·Ψi.

Based on the estimates of haplotype frequencies, p̂1, ..., p̂H , we can estimate the

number of families with genotype G∗ = (g∗f , g
∗
m, g∗c1 , ..., g

∗
cV

), where V is the number

of children in the family, in the sample as:

nG∗ = n · P (g∗f , g
∗
m, g∗c1 , ..., g

∗
cV

)

= n ·
∗∑

df

∗∑

dm

∗∑

dc1

· · ·
∗∑

dcV

P (df , dm, dc1 , ..., dcV
)

= n ·
∗∑

df

∗∑

dm

∗∑

dc1

· · ·
∗∑

dcV

P (df ) P (dm) · ΠV
v=1P (dcv | df , dm) ,

where
∑∗

df
,

∑∗
dm

, and
∑∗

dcv
(v = 1, ..., V ) denote summations over all different

diplotypes consistent with genotypes g∗f , g∗m and g∗cv
(v = 1, ..., V ), respectively.

Simulation study

To evaluate the performance of our proposed approach, we conduct simulation

studies outlined below.

We let the set of all possible haplotypes consist of all of the vectors (i1, ..., ik)

(i1 = 1, ..., I1; ...; ik = 1, ..., Ik). For the samples consisting of unrelated individuals,

we first generate the diplotypes of n individuals by randomly drawing n pairs of

haplotypes according to a set of haplotype frequencies pi1···ik (i1 = 1, ..., I1;...;ik =

1, ..., Ik). From these diplotypes we can derive each individual’s marker genotypes.

We then introduce genotyping errors independently for each marker alleles under the

error model given above where, for simplicity, we assume the same genotyping error

rates across markers. These error-contaminated marker genotypes are analyzed by

our proposed EM algorithm to estimate haplotype frequencies.
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Similarly, for the samples consisting of nuclear families, we first generate the

diplotypes of the two parents for all n families by randomly drawing 2n pairs of hap-

lotypes according to the haplotype frequencies pi1···ik (i1 = 1, ..., I1;...;ik = 1, ..., Ik).

Based on parental diplotypes, we simulate diplotypes of children by randomly as-

signing one of the two haplotypes in each parent to each child. These lead to the true

marker genotypes for each member in the nuclear families. We then introduce geno-

typing errors independently into the marker alleles of each member of the families

under the error model given before where the error rates are also assumed to be the

same across markers to obtain the observed error-contaminated family genotypes.

We finally use the EM algorithm described above to estimate haplotype frequencies.

Results

In our simulations, we consider two error rates ε = 0.01 and 0.05, respectively.

We conduct 100 simulations to estimate the means and standard deviations of hap-

lotype frequency estimates.

For the case of unrelated individual data, we take the sample size to be n =

200. Tables 2 and 3 summarize the simulation results on the haplotype frequency

estimates and their standard deviations for haplotypes consisting of two and three

biallelic markers, respectively. It is clear that the precision of our estimates is

satisfactory for the error rates usually encountered in practice.

For nuclear families, we take the sample size to be n = 100. Tables 4 and 5

summarize the simulation results on the haplotype frequency estimates and their

standard deviations for two biallelic markers based on family trios and quartets,

respectively. It can be seen that as in the case of unrelated individuals, for family

data, the estimates of haplotype frequencies are also quite close to their true values

in the presence of genotyping errors.

Comparing the results under the error rates of ε = 0.01 and 0.05, we see that

overall, the estimates of haplotype frequencies are equally close to their true values

under different error rates. We can also note that the standard deviations are slightly
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greater for the larger genotyping error rate.

Discussion

In this article, we have developed statistical methods to incorporate genotyping

errors to estimate haplotype frequencies both for samples consisting of unrelated

individuals and for samples consisting of nuclear families. Simulation results show

that our methods perform well. From the haplotype frequency estimates, we can

also estimate the number of individuals/families with true genotypes, and study

the impact of genotyping errors on any existing statistical methods for analyzing

genotype data under our error model. The computer program will be made available

at our web site http://bioinformatics.med.yale.edu.

For the specific case of one biallelic marker and unrelated individuals, equation

(1) suggests that the allele frequency estimates are monotonic in the error rate when

the error rates from allele 1 to allele 2 and from allele 2 to allele 1, ε1 and ε2, are as-

sumed to be equal. Therefore, neglecting genotyping errors may lead to substantial

bias in haplotype frequency estimates. For the more general case, we generate sam-

ple data assuming the presence of genotyping errors, and then estimate haplotype

frequencies ignoring errors. We find that ignoring genotyping errors may result in

large bias. For example, consider the case of unrelated individual data summarized

in Table 2. When the true error rate is 0.05, and we neglect the genotyping errors,

then the estimates based on the averages of 100 simulations (and their standard

deviations) are 0.366 (0.0025), 0.126 (0.0018), 0.132 (0.0018) and 0.376 (0.0025), re-

spectively. Therefore, the relative bias can be as high as 30% when the genotyping

error rate is 5%.

Note that the error rates are assumed to be known in our methods here. If

the error rates are unknown, we may estimate them using different approaches. One

simple approach is to genotype a set of samples with known genotypes multiple times

and estimate genotyping error rates from these multiple measurements. Then the es-

timated error rate can be used for the same genotyping technique when we analyze
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a set of data with unknown marker genotypes. Alternatively, we may simultane-

ously estimate haplotype frequencies and genotyping error rates if the samples are

genotyped more than once. For example, in the case of single biallelic markers and

unrelated individuals, there are nine possible observed genotype combinations for an

individual if everyone is genotyped twice: (1 1)′×(1 1)′, (1 1)′×(1 2)′, (1 1)′×(2 2)′,

(1 2)′×(1 1)′, (1 2)′×(1 2)′, (1 2)′×(2 2)′, (2 2)′×(1 1)′, (2 2)′×(1 2)′ and (2 2)′×(2 2)′

with respective probabilities [(1− ε)2p + ε2q]
2
, 2ε(1−ε) [(1− ε)2p + ε2q] , ε2(1−ε)2,

2ε(1 − ε) [(1− ε)2p + ε2q] , 4ε2(1 − ε)2 + 2pq(1 − 2ε)2, 2ε(1 − ε) [ε2p + (1− ε)2q] ,

ε2(1 − ε)2, 2ε(1 − ε) [ε2p + (1− ε)2q] , and [ε2p + (1− ε)2q]
2
, where ε is the error

rate from one allele to the other allele, p is the frequency of allele 1 and q = 1− p.

If we denote the numbers of their observations by n11, n12, n13, n21, n22, n23, n31,

n32, and n33, respectively, then the log-likelihood is given by (neglecting constants)

(2n11 + n12 + n21) · log
[
(1− ε)2p + ε2q

]
+ (n23 + n32 + 2n33) · log

[
ε2p + (1− ε)2q

]

+ [n12 + n21 + 2(n13 + n31) + n23 + n32] · log [ε(1− ε)]

+n22 · log
[
2ε2(1− ε)2 + pq(1− 2ε)2

]
. (9)

By maximizing this log-likelihood function simultaneously for p and ε, we can obtain

the estimates for both p and ε. For example, consider the case of true allele frequency

p = 0.9 and true error rate ε = 0.01. For the sample of size 1000, we assume that

the numbers of observations for the nine genotype combinations are 778, 17, 0, 17,

174, 2, 0, 2 and 10, respectively (Note that these are just the expected numbers of

the nine genotype combinations in the sample except that of n22 should be 173).

Then the log-likelihood (9) does attain its maximum only at (p, ε) = (0.899, 0.010).

If we do genotyping only once and we assume that the numbers of observations

for the genotypes (1 1)′, (1 2)′ and (2 2)′ are 810, 180 and 10, respectively, then

the corresponding log-likelihood can attain its maximum for those pairs of (p, ε)

satisfying p(1− 2ε) = 0.9− ε.

For the case of family data, we have assumed that the parental genotype data

is available. The treatments for the other cases where the genotypes of one or both
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parents are not available or pedigree data is available should be not difficult using

the estimation framework discussed in this article.
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Table 1. The true trio genotypes and observed trio genotypes

No. true trio genotype T P(T) observed trio genotype O No. observed trio genotype O
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Table 2. Estimation of haplotype frequencies

for k = 2, I1 = I2 = 2 and n = 200 based on unrelated individuals

haplotype true frequency
estimated frequency (standard deviation)

ε = 0.01 ε = 0.05

(1 1) 0.4 0.396 (0.0026) 0.392 (0.0029)

(1 2) 0.1 0.099 (0.0016) 0.099 (0.0021)

(2 1) 0.1 0.102 (0.0016) 0.104 (0.0022)

(2 2) 0.4 0.403 (0.0024) 0.405 (0.0027)
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Table 3. Estimation of haplotype frequencies

for k = 3, I1 = I2 = I3 = 2 and n = 200 based on unrelated individuals

haplotype true frequency
estimated frequency (standard deviation)

ε = 0.01 ε = 0.05

(1 1 1) 0.4 0.399 (0.0028) 0.400 (0.0036)

(1 1 2) 0.2 0.202 (0.0026) 0.204 (0.0031)

(1 2 1) 0.1 0.102 (0.0020) 0.101 (0.0025)

(1 2 2) 0.1 0.097 (0.0020) 0.094 (0.0023)

(2 1 1) 0.08 0.081 (0.0017) 0.082 (0.0021)

(2 1 2) 0.05 0.048 (0.0015) 0.049 (0.0016)

(2 2 1) 0.05 0.046 (0.0013) 0.047 (0.0018)

(2 2 2) 0.02 0.025 (0.0012) 0.024 (0.0013)
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Table 4. Estimation of haplotype frequencies

for k = 2, I1 = I2 = 2 and n = 100 based on family trios

haplotype true frequency
estimated frequency (standard deviation)

ε = 0.01 ε = 0.05

(1 1) 0.4 0.395 (0.0025) 0.393 (0.0029)

(1 2) 0.1 0.100 (0.0016) 0.102 (0.0021)

(2 1) 0.1 0.102 (0.0016) 0.104 (0.0018)

(2 2) 0.4 0.403 (0.0025) 0.402 (0.0029)
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Table 5. Estimation of haplotype frequencies

for k = 2, I1 = I2 = 2 and n = 100 based on family quartets

haplotype true frequency
estimated frequency (standard deviation)

ε = 0.01 ε = 0.05

(1 1) 0.4 0.403 (0.0027) 0.402 (0.0030)

(1 2) 0.1 0.102 (0.0016) 0.102 (0.0018)

(2 1) 0.1 0.101 (0.0015) 0.102 (0.0017)

(2 2) 0.4 0.394 (0.0024) 0.394 (0.0027)
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