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Web Appendix A Simulation Results for the Case When
Distribution of Environmental Co-

variate is Misspecified

Web Table 1: Biases and root mean squared errors for the naive approach that ignores exis-
tence of measurement error and our proposed method. Results illustrates sensitivity of the
proposed methodology to misspecification of the distribution of environmental covariates.
Here we calculated our method under the assumption that the environmental covariate had
a normal distribution, while we simulated the environmental covariate from a t-distribution
with 10 degrees of freedom. The results are based on a simulation study with 500 replica-
tions for 1000 cases and 1000 controls, where disease status (D) is binary, environmental
variables (X, W) are continuous and the genetic variant hg is in the form of diplotype with a
multiplicative interaction. The environmental variable is measured with error and the error
variance is 0.25, while variance of the environmental covariate is 0.1.

Naive Approach Proposed Method

Parameter True Value Bias RMSE Bias RMSE

Bo -5.000 1.205  1.206  0.230 0.300

By 0.693 0.078  0.099  -0.015 0.112

B 1.099 -0.794  0.800  -0.036 0.440

Bag 0.693 -0.459  0.467  0.039 0.366
pr(hs) 0.250 0.005  0.008  0.001 0.011
pr(D =1) 0.046 -0.032 <0.001  0.008  <0.001
T 0.000 0.002 0.027

72 0.100 0.005 0.019




Web Appendix B Simulation Results for the Case When
Measurement Error Distribution is

Estimated

Web Table 2: Biases and root mean squared errors for the naive approach that ignores
existence of measurement error and our proposed method. These results illustrate perfor-
mance of the proposed methodology in the case when measurement error is estimated by
replicating 50 randomly selected individuals. The results are based on a simulation study
with 500 replications for 1000 cases and 1000 controls, where disease status (D) is binary,
environmental variables (X, W) are continuous and the genetic variant hs is in the form of
diplotype with a multiplicative interaction. The environmental variable is measured with
error and the error variance is 0.25, while variance of the environmental covariate is 0.1.

Naive Approach Proposed Method

Parameter True Value Bias RMSE Bias RMSE

Bo -5.000 1.192 1.422  0.210 0.229

By 0.693 0.055  0.086  -0.007 0.107

Be 1.099 -0.576  0.408  -0.002 0.688

Bag 0.693 -0.283  0.130  0.040 0.523
pr(hs) 0.250 0.005  0.008  0.001 0.007
pr(D = 1) 0.046 -0.032 <0.001  0.008  <0.001
T 0.000 0.002 0.022

2 0.100 0.021 0.067




Web Appendix C Simulation Results for the Case When
Environmental Covariate Z Measured

Exactly is Present in the Model

Web Table 3: Biases and root mean squared errors for the naive approach that ignores
existence of measurement error and our proposed method. The results are based on a
simulation study with 500 replications for 1000 cases and 1000 controls, where disease status
(D) is binary, environmental variables (X, W) are continuous and the genetic variant hg
is in the form of diplotype with a multiplicative interaction. The error-prone covariate X
is simulated from a Normal distribution with zero and variance 0.10. The environmental
variable is measured with error and the error variance is 0.25.

Naive Approach Proposed Method

Parameter True Value Bias RMSE Bias RMSE

Bo -5.000 0.026  0.053 -0.444 0.447
By 0.693 0.088  0.108  -0.004 0.080
B 1.099 -0.783  0.789  0.041 0.301
B, 0.916 0.296  0.328  0.065 0.226
Bzg 0.693 -0.491 0497  -0.017 0.261
pr(hs) 0.250 0.000  0.007  0.000 0.007
ap 0.250 0.003 0.042
o2 0.100 -0.001 0.101




Web Appendix D Risk Parameter Estimates for Val-

ues of Probability of Disease on a

Grid

Web Table 4: Risk parameter estimates of the Calcium Data for various values of probability
of disease on interval (0.0001,0.0501). The analysis is performed via the naive approach that
ignores existence of the measurement error.

Td B B2 Bha Bhs Biha Buha Behs
0.0001 -0.0852 -0.2088 -0.1663 -0.2769 0.0398 -0.1885 -0.2804
0.0051 -0.0850 -0.2087 -0.1665 -0.2771 0.0402 -0.1880 -0.2806
0.0101 -0.0849 -0.2086 -0.1666 -0.2772 0.0405 -0.1874 -0.2807
0.0151 -0.0848 -0.2085 -0.1668 -0.2773 0.0408 -0.1868 -0.2808
0.0201 -0.0847 -0.2084 -0.1669 -0.2775 0.0411 -0.1862 -0.2809
0.0251 -0.0847 -0.2083 -0.1671 -0.2776 0.0414 -0.1855 -0.2809
0.0301 -0.0846 -0.2083 -0.1672 -0.2778 0.0418 -0.1849 -0.2809
0.0351 -0.0846 -0.2082 -0.1674 -0.2779 0.0421 -0.1842 -0.2809
0.0401 -0.0846 -0.2081 -0.1675 -0.2780 0.0425 -0.1835 -0.2808
0.0451 -0.0845 -0.2080 -0.1677 -0.2782 0.0428 -0.1828 -0.2807
0.0501 -0.0845 -0.2080 -0.1678 -0.2783 0.0431 -0.1820 -0.2806




Web Table 5: Risk parameter estimates of the Calcium Data for various values of probability

of disease on interval (0.0001,0.0501). Measurement error variance is 0.10.

Tq Ba B2 Bha Bhs Bih2 Buha Bins m 712
0.0001 -0.0678 -0.1988 -0.2188 -0.3617 0.0334 -0.1645 -0.2503 -0.1053 1.5907
0.0051 -0.0677 -0.1987 -0.2187 -0.3616 0.0337 -0.1638 -0.2499 -0.10539 1.5912
0.0101 -0.0676 -0.1985 -0.2186 -0.3615 0.0339 -0.1630 -0.2494 -0.1064 1.5916
0.0151 -0.0675 -0.1984 -0.2184 -0.3614 0.0342 -0.1622 -0.2490 -0.1070 1.5921
0.0201 -0.0675 -0.1982 -0.2183 -0.3613 0.0344 -0.1613 -0.2485 -0.1075 1.5925
0.0251 -0.0674 -0.1981 -0.2182 -0.3611 0.0347 -0.1605 -0.2480 -0.1081 1.5929
0.0301 -0.0674 -0.1979 -0.2180 -0.3610 0.0349 -0.1597 -0.2476 -0.1086 1.5933
0.0351 -0.0673 -0.1978 -0.2177 -0.3609 0.0352 -0.1588 -0.2471 -0.1091 1.5936
0.0401 -0.0673 -0.1976 -0.2177 -0.3608 0.0354 -0.1580 -0.2466 -0.1096 1.5940
0.0451 -0.0673 -0.1974 -0.2175 -0.3606 0.0357 -0.1571 -0.2461 -0.1101 1.5944

Web Table 6: Risk parameter estimates of the Calcium Data for various values of probability

of disease on interval (0.0001,0.0501). Measurement error variance is 0.60.

Td Be B2 DBha Bhs Biha Buha Behs Uil 12
0.0001 -0.1365 -0.1820 -0.3736 -0.6523 0.0878 -0.4753 -0.7259 -0.1045 0.6794
0.0051 -0.1360 -0.1818 -0.3701 -0.6471 0.0882 -0.4690 -0.7201 -0.1053 0.6808
0.0101 -0.1357 -0.1816 -0.3670 -0.6424 0.0887 -0.4634 -0.7148 -0.1060 0.6821
0.0151 -0.1355 -0.1814 -0.3642 -0.6382 0.0892 -0.4584 -0.7100 -0.1067 0.6832
0.0201 -0.1353 -0.1812 -0.3616 -0.6343 0.0898 -0.4538 -0.7056 -0.1073 0.6843
0.0251 -0.1353 -0.1811 -0.3593 -0.6307 0.0903 -0.4495 -0.7015 -0.1080 0.6853
0.0301 -0.1352 -0.1809 -0.3570 -0.6273 0.0908 -0.4454 -0.6977 -0.1086 0.6862
0.0351 -0.1353 -0.1807 -0.3548 -0.6241 0.0914 -0.4415 -0.6942 -0.1091 0.6870
0.0401 -0.1354 -0.1805 -0.3527 -0.6211 0.0920 -0.4377 -0.6908 -0.1097 0.6878
0.0451 -0.1355 -0.1803 -0.3508 -0.6182 0.0926 -0.4342 -0.6877 -0.1102 0.6885
0.0501 -0.1357 -0.1800 -0.3488 -0.6154 0.0932 -0.4306 -0.6846 -0.1108 0.6892




Web Table 7: Risk parameter estimates of the Calcium Data for various values of probability

of disease on interval (0.0001,0.0501). Measurement error variance is 0.65.

Tq Ba B2 Bha Bhs Bih2 Buha Bins m 712
0.0001 -0.1506 -0.1770 -0.4287 -0.7581 0.1043 -0.5811 -0.8876 -0.1045 0.5842
0.0051 -0.1499 -0.1769 -0.4228 -0.7482 0.1048 -0.5710 -0.8766 -0.1054 0.5864
0.0101 -0.1494 -0.1767 -0.4180 -0.7399 0.1053 -0.5629 -0.8673 -0.1062 0.5882
0.0151 -0.1492 -0.1765 -0.4140 -0.7325 0.1060 -0.5555 -0.8592 -0.1069 0.5898
0.0201 -0.1490 -0.1763 -0.4098 -0.7260 0.1066 -0.5489 -0.8520 -0.1076 0.5912
0.0251 -0.1489 -0.1754 -0.4048 -0.7168 0.1087 -0.5410 -0.8419 -0.1086 0.5928
0.0301 -0.1491 -0.1759 -0.4031 -0.7150 0.1079 -0.5375 -0.8400 -0.1089 0.5936
0.0351 -0.1492 -0.1757 -0.4000 -0.7100 0.1086 -0.5321 -0.8346 -0.1095 0.5946
0.0401 -0.1494 -0.1755 -0.3970 -0.7054 0.1093 -0.5271 -0.8296 -0.1100 0.5956
0.0451 -0.1496 -0.1752 -0.3942 -0.7011 0.1100 -0.5224 -0.8241 -0.1106 0.5965
0.0501 -0.1499 -0.1750 -0.3916 -0.6971 0.1107 -0.5179 -0.8208 -0.1111 0.5973

Web Table 8: Risk parameter estimates of the Calcium Data for various values of probability

of disease on interval (0.0001,0.0501). Measurement error variance is 0.70.

Td Ba B2 DBha Bhs Biha Biha Buns m 12
0.0001 -0.1692 -0.1701 -0.5146 -0.9220 0.1280 -0.7426 -1.1317 -0.1045 0.4850
0.0051 -0.1672 -0.1700 -0.5037 -0.9012 0.1286 -0.7250 -1.1092 -0.1057 0.4889
0.0101 -0.1698 -0.1698 -0.4955 -0.8850 0.1293 -0.7117 -1.0915 -0.1066 0.4917
0.0151 -0.1659 -0.1696 -0.4885 -0.8718 0.1301 -0.7004 -1.0771 -0.1074 0.4940
0.0201 -0.1658 -0.1694 -0.4825 -0.8608 0.1309 -0.6907 -1.0651 -0.1081 0.4960
0.0251 -0.1658 -0.1692 -0.4771 -0.8511 0.1317 -0.6819 -1.0546 -0.1088 0.4976
0.0301 -0.1660 -0.1689 -0.4721 -0.8424 0.1326 -0.6737 -1.0453 -0.1094 0.4992
0.0351 -0.1663 -0.1686 -0.4674 -0.8347 0.1335 -0.6662 -1.0371 -0.1100 0.5005
0.0451 -0.1672 -0.1681 -0.4288 -0.8205 0.1353 -0.6522 -1.0222 -0.1111 0.5030
0.0501 -0.1677 -0.1678 -0.4549 -0.8144 0.1362 -0.6458 -1.0159 -0.1116 0.5040




Web Appendix E Standard Errors and Confidence In-
tervals of Risk Parameter Estimates

of Calcium Data

Web Table 9: Standard errors of risk parameter estimates for the colorectal adenoma study
assuming different variances (§) of the measurement error. The estimated measurement error
variance is £ = 0.65.

Parameter ¢ =0.10 &£=0.60 £=0.65 & =0.70

Bh, 0.106 0.118 0.119 0.120
B, 0.130 0.151 0.153 0.155
Bhs 0.135 0.169 0.172 0.175
3, 0.068 0.158 0.167 0.176
Bz 0.084 0.189 0.200 0.211
Bina 0.090 0.192 0.203 0.213
Behs 0.100 0.203 0.213 0.224

Web Table 10: Bootstrap standard errors of risk parameter estimates for the colorectal
adenoma study assuming different variances (£) of the measurement error. The estimated
measurement error variance is £ = 0.65.

Parameter £ =0.10 £=0.60 £=0.65 &¢=0.70

Bhy 0.078 0.146 0.134 0.216
B 0.112 0.196 0.306 0.136
Bhs 0.131 0.319 0.335 0.272
3, 0.059 0.392 0.174 0.370
Bena 0.117 0.159 0.242 0.299
Buna 0.166 0.259 0.252 0.353
Buns 0.172 0.358 0.424 0.505




Web Table 11: Lower (LB) and upper (UB) bounds of 95% Wald confidence intervals of risk
parameter estimates for the colorectal adenoma study assuming different variances () of the
measurement error. The estimated measurement error variance is & = 0.65.

¢=0.10 £ =10.60 ¢ =0.65 ¢=0.70
Parameter LB UB LB UB LB UB LB UB
Bhs -0.394 0.021 -0.391 0.070 -0.410 0.056 -0.372 0.099
Bh -0.446 0.065 -0.667 -0.075 -0.662 0.196 -0.842 -0.233
Bhs -0.631 -0.103 -0.991 -0.330 -1.095 -0.422 -1.281 -0.595
B -0.201  0.065 -0.450 0.170 -0.478 0.177 -0.531 0.161
Bun2 -0.125  0.204 -0.239 0.510 -0.287 0.496 -0.190 0.635
Buha -0.350 0.001 -0.896 -0.142 -0.979 -0.184 -1.230 -0.395
Behs -0.433 -0.039 -0.142 -1.111 -1.306 -0.471 -1.562 -0.685

Web Table 12: 95% Bootstrap confidence intervals of risk parameter estimates for the col-
orectal adenoma study assuming different variances (£) of the measurement error. The
estimated measurement error variance is £ = 0.65.

¢=0.10 £ =10.60 & =0.65 £=0.70
Parameter LB UB LB UB LB UB LB UB
Bhsy -0.371  0.035 -0.423 0.056 -0.413 0.063 -0.438 0.064
B, -0.516  0.105 -0.878 0.068 -1.221 -0.036 -1.083 -0.132
Bhs -0.751 -0.046 -1.436 -0.128 -1.701 -0.234 -1.851 -0.260
Be -0.199 0.056 -0.424 0.178 -0.477 0.221 -0.546 0.280
Bih2 -0.083 0.182 -0.289 0.674 -0.395 0.789 -0.353 0.828
Biha -0.407 0.035 -0.975 0.061 -1.221 -0.016 -1.368 -0.080
Behs -0.557 -0.011 -1.762 -0.114 -2.114 -0.183 -2.163 -0.211




Web Appendix F Coverage Probabilities of Wald and
LR Confidence Intervals in Binary

Case

Web Table 13: Coverage probabilities of the 95% Wald and LR confidence intervals for gene-
environment interaction parameter. Disease status (D), the genetic variant (G), and the
environmental covariate (X) are binary. The environmental variable is measured with error,
with misclassification probabilities being 0.20 for exposed and 0.10 for non-exposed subjects.
The results are based on a simulation study with 500 replications for 1000 cases and 1000
controls.

n =400 n = 2000

True value of 3,4 0.693 0.693

Mean of Bxg over all simulated datasets 0.848 0.692
Median of Bxg over all simulated datasets  0.695 0.669
Coverage of the Wald CI 0.937 0.931
Coverage of the Likelihood Ratio CI 0.954 0.949




Web Appendix G Wald and LR-type Confidence In-

tervals for Colorectal Adenoma Study

Web Table 14: Wald and ARLR confidence intervals for (3,,4 for the Colorectal Adenoma
Study assuming various measurement error variances . The estimated measurement error
variance is 0.65. The analysis is performed for Female subjects.

Wald CI LR-type CI
¢€=0.10 (-0.416,-0.090) (-0.460, 0.119)
£€=0.60 (-0.972,0.175) (-1.220, 0.388)
£€=0.65 (-1.143,0.198) (-1.462, 0.420)
£€=0.70 (-1.394, 0.230) (-1.912, 0.583)
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Web Appendix H Technical Derivations

A.1 Proof of (3)
The proof of (3) is straightforward. Note that

pr(D=d HY =p% X =g W =w/R=1,Z = 2)

occpr(D=d, H" =% X =2 W =w,R= 1|7 = z)

K
n . .

X W—j[l + Z exp{fo; + m(hdlp, x, 2, 5)}]_18Xp[1(d21)(d){ﬁ0d + m(hd‘p, x,z,0)}]

j=1
X Q(hM™, ©) frnem(w|d, K™, x, 2, &) fx (z|2,1)
x @S(d, hdip,x,z,Q)fmem(w|d, hdP ) 2, &) fx(x|z,n)

To
- S(d, kP 2, 2, Q) fnem (w]d, R 2, 2, €) fx (z|2,m)
T Span [ S, hEP, 2,2, Q) fraem (wlda, hEP, 2, 2,€) fx (2], ) dwda
S(d,h¥P z. 2, Q) frem(w|d, WP, 2, 2, &) fx (2]2,7)

S, Ypaio  S(dey 5P 2, 2,Q) fx (a2, m)de

Equation (3) now follows by appropriate summation over h4'P € HdGip and integration over

x.

A.2 Proof of Theorem 1

The proof consists of two steps. The first shows that the estimating equation has mean
zero when evaluated at the true parameters. We then show that the estimating function
evaluated at the true parameters has a covariance matrix of the form 7 — A.

A.2.1 Unbiasedness of the Estimating Function

We first consider the derivative with respect to (2. Denote the first partial derivative of
S(d, k4P x, 2, Q) with respect to Q by Sq(d, h4P, x, 2,2). The semiparametric profile likeli-
hood score for B(Q", 7)™ is the derivative of the logarithm of (3) with respect to Q and is
given as

n_l Z {CI(D“ ZiJ Wia G) - CQ(Z”L)} )
i=1
where Cy(e) = {Aj(e), B/ (o)}, Ca(e) = {A3(e), By (o)},
ZhdiPEng f SQ(d7 hdip? z,z, Q)fmem(w’d7 hdipa Tz, g)fX (I,E‘Z, 77)d37
Zhdipeng f S<d7 hdip’ €T, z, Q)fmem<w|d7 hdip7 z,z, é)fX(I|Z; n)dm ’

Al(d7 Z, W, g) =

. f Ed* thip Sﬂ(d*a h;ﬁpj T, z, Q)fX(ZI}'|Z, 77>d$
S 34, Xopaw S(dy, WPz, 2, Q) fx (z|z,n)dx

Az (2)
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and where Bj(e) and BQ(.% are defined by replacing Sq(e) by S(e)sx(x|z,n), where

sx(zlz,n) = 0 log{fx(z|z,n)}/0n. _ _
It is useful to note that the density of Z and (W, G, Z) given D = d can be written as

[Z|D =d] = /ZS (d, h¥P 2, 2, Q) fx(x|z,n)dz; (A.1)
7T0’rLd hdlp
WG ZID=d] = fa(z)—— [ 3 S(d K™ 2,22 fuenuwld 1, 2, z,€)
7o hdiPeHdGip
X fx(z|z,n)dzx. (A.2)

Then it follows from (A.1) that

E{A;(2)} = Z LB {4y(2)|D = d.}

= / S S S(de B, 2, 2, Q) fx (]2, ) f2(2) g (=) dz
dy

nimo chp

_ /Zf S So(d, hd® 2, 2, Q) fx (]2, ) f2(2)dx dz.

It is also straightforward using (A.2) to show that

E{A(D.Z,W.G)} = Y ““E{A(D,Z,W,G|D = d.)}
ds«
= 2 [T Sold b, a2 Q) fx(alzn) fo()da dz,
nmo d. hdlp

thus showing that the top part of (3) has mean zero. That the bottom part also has mean
zero is shown similarly.

Much the same argument holds for the estimating function for £. Define C(w|d, h¥P, z, z, £)
to be the derivative of log{ fuem(w|d, 4P, z, 2, £)} with respect to &, and define

Aﬁ(d7wvzag)
Zhdipeng f S(d7 hdip> T, 2, Q)C(lU'd, hdip? Ty 2, g)fmem(w‘da hdipa Tz, g)fX(-’L"Z, ﬂ)dﬂf
Bl zhdiPEng f S<d7 hdip’ Tz, Q)fmem(w’d> hdip) z,z, €>fX(x‘z7 n)dw

Then it is easy to show that

E{4(D,W.2,G)} =% "B {A(D, Z,W,GID = d.)}

el DOOILCNEEUINCENIZD

ds hdlp

x{/ frem(w|dy, h9®, 2, 2, €)C(wl|d,, k9P, z, 2, €)dw}dx dz = 0,

TL?T()

the interior integral being equal to zero by standard likelihood results.
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A.2.2 Covariance Matrix of the Estimating Function

As described above, the estimating equation is given as (3). Define C3(d) = {AX(d), By (d)}*
= F{Ci\(D, Z,W,G) — Cy(Z)}|D = d]. Then, when evaluated at the true parameters, the
estimating function takes the form

n”/? Z {C\(Dy, Z;, W;,G) — Co(Z;) — C3(Dy)}
i=1

which is a sum of independent, mean zero random variables. It follows directly that, when
evaluated at the true parameters, the estimating function has covariance matrix

= —n*ZE[{Cl D, 2, Wi, G) — Co(Z)} (C1(Dy, Zi, Wi, G) — Co(Z)} | = A (A.3)

=1
Make the definitions

Qdgw=B8 = [ ¥ {SHLI" 20, S(dh%, 22, Qsk (]}
hdipeHEP
X fmem(w|d, R, 2, 2, &) fx (|2, 1)dz
Or(d g w2 B,8) = [ S A7, 2, 0) el h, 2, 2,) fc(a]2, )

hdipeHdiP

Q3(2787€) = /ZZ SQ >0<7hflp7‘Qj “ Q) S(d*7hfipaxazvg)sr)[‘((xpvn)}T

X fx(z|z,n)dz;
Qu(2,B,€) = /ZZS(d*,hfip,x,z,Q)fX(x|z,n)dx

d* hiﬁp

*

Then it is easy to show that (A.S) can be rewritten as

Y. = A1 — Ay —
e
T
A = nmo H sz% <§Z) : QfZ(z)dZ.
We claim that 7 = A; — Ay. By a direct calculation, Z = Z; — Z, where using (A.1),
- gl (g
= %%T /Zzs (o, BY® 2, 2, Q) F ()2, m) f2(2)dadz + As.

In addition, using (A.2), we find that

o ng, a Ql(d*;vaZ787£) o
L= _Z EL‘?BT{Qz(d*,G W,ZB@)‘D_CZH

T am aggBT/ZZS (du, K™, 2,2, Q) fx (x]2,m) f2(2)dwdz + Ay,

dlp
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completing the proof.

A.3 Proof of Theorem 2

The estimating function for B can be written in the form
n M
0= Z Z [(mz:J) (mZ)C(Dla Zia Wia G’L'7 mg, B),
i=1 j=1
where

Al(Dia Z’i; Wi; Giv mg, B) - AQ(Zia B) - A3(Di7 B)

C(Di,qu,VVi,Gi,mi,B) == |: A4(D7;, ZZ',VVZ',Gi,mZ',B) )

Ay(e) and Aj(e) are independent of m and are given in the sections A.2.1 and A.2.2,

Al(d,Z,U),Q,'I’fL,B) = Q1<dagawa z,B,f){QQ(d,g,w, 27675)}_17

and

0 .

A4(d,z,w,g,m,l3) = / Z 710g{fmem(UJ|d, hdlp,l’,Z,m,ﬁ)}{QQ(d,g,w,Z7B7§>}_1

i OET

hdiPeHP
XS<d7 hdlp7 x’ Z? Q)fmem(w’d, hdlp? 'r7 27 m7 g)fX(x’Z7 ,r])dx7

where Q;(e) and Qy(e) are defined in the section A.2.2. The expectation of the right hand

side of (6) is

M n
j=1 =1

since we have shown that the expectation is zero if the same number of replicates are used.
Similarly, -(Hessian) of the right hand side of (6) is

n M o
— Z Z I(mlzj)(mz)@C(D“ ZZ’, VVZ', Gi, m;, B),
i=1j=1

and this has expectation Zj]\il p(j)Z; = Z. Finally, the covariance matrix of the right hand
side of (6) is

n M
E {Z Z ](mZZJ)(mZ)C(Du Z’i) M/’ia Gia my, B)CT(DM Zia VVia Gi) myi, B)}

=3 p(0)% = X p)(@ = ) =T = S p()A;.

This then shows (7).
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A.4 Proof of Theorem 3

The proof consists of two steps. First we will show that the limiting distribution of the
likelihood ratio test statistic is of the form (13). We then will show that it is distributed as

a weighted sum of x? random variables.

A.4.1 Step 1

Using a typical likelihood ratio argument, by Taylor expansion we have
~ ~ T PN
2{L(By) ~ L(B)} = (Bo— B) Lss(0.) (B0~ B) .
where 6, is between 6, and 6. Now use (13) and (13), so that

2{L(Bo) — LB} = {n2(B-Bo)} T{n"*(B-By)} +0,(1)
= VIV +0,(1).

A.4.2 Step 2

Since the covariance matrix S—! is symmetric and positive definite, using Cholesky decom-
position it can be factored as S~ = LL" where L is a lower-triangular matrix.

Define P to be an orthogonal matrix of eigenvectors of LZLT and A is a diagonal matrix
of eigenvalues of LZL". Since LZL" is square and symmetric, Singular Value Decomposition
can be applied to it in the following manner: PTLTZLYP = A. Let V; = L='V and V, = PV),.
Note that the distribution of V'ZV is the same as the distribution of V" AV,. It can be easily
seen that Vs has a limiting Normal(0, /) distribution, where [ is an identity matrix.

The fact that the quadratic form VI EV, is distributed as %, \;Z? completes the proof.

A.5 Proof of Theorem 4

Following ideas the of Roy (1957) it is readily seen that the likelihood ratio takes the following
form

L,(B) = L4(80,7) = (B—B)"Lps(B.)(B—B)
" =" Lss (00, v)F =), (A.4)

where B, is a point between B and B, likewise 74« is a point between v and 7. Using arguments
of Roy (1975) and Wald (1943), it can be seen that (A.4) for large samples is equivalent to
{n=12(6 — 60)YT T {n"Y2(6 — 6y)}. Applying arguments used while proving the Theorem 1

we arrive at (14).
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